The method of constructing unitary S-matrices developed in a recent paper is generalized and applied to two versions of the multiperipheral model.
INTRODUCTION
In order to discuss diffraction scattering and particle production at high energies it is essential to take into account the constrainst of multiparticle unitary.
In a recent paper' a class of solvable models was constructed for which the multiparticle S-matrix is exactly unitary at high energies. 2 As in the multiperipheral model, it is assumed that particles are produced and absorbed from chains; however, in order to satisfy unitarity it is essential to take into account diagrams, such as those shown in Figure 1 , in which production takes place from more than one chain. In I we considered a class of models in which only one particle is created or destroyed on each chain. In the present paper we generalize our results to include chains from which an arbitrary number of particles can be created or destroyed.
The classic multiperipheral and multiregge models have well-known difficulties withunitaritywhichcanlead to violations of the Froissartbound. ' This problem can be overcome by including production and absorptive effects in the produe tion amplitudes. 4 One then finds that the Froissart bound is saturated from the multiregge region of phase space. This is unsatisfactory experimentally, _ ~--_.-since particles produced at high energies tend to have rather low relative energies. The region of large relative energies, the multiregge region, is sparsely populated at best. We find that the unitarity condition, properly enforced, produces a new type of cut in the angular momentum place which preserves the Froissart bound and decreases the importance of the multiregge contribution. This unitarity cut is of a dynamical origin which is to be contrasted with the almost kinematical origin of the familiar Mandelstam' and -3-AFS6 cuts. The Mandelstam cuts are also present here. The unitarity cut actually forces the contribution of the multiregge region to decrease at large energies except for rather narrow ranges of the parameters of the theory.
In Section II we present our procedure for constructing unitary models.
The input is the amplitude for the production of n particles from a single chain, Wn, shown in Figure 2 . For a wide range of input functions it is pass.ible to construct a multiparticle S-matrix that is unitary for all physical values of the total energy.
The essential feature of our procedure is that production from more than one chain is taken into account. Suppose the amplitude Wn is taken from the multiperipheral model and that the elementary particle or Reggeon being exchanged has spin (Y. Then Wn will have a high energy behavior of the form sol.
On the other hand, amplitudes corresponding to the exchange of N chains will have asymptotic behavior of the form S 1 +N(cY-1) , aside from logarithmic factors.
Clearly when o! M 1 as in the case of Pomeron exchange, multi-chain exchange is important.
As we shall see in specific models, even when a! is much less than one, multi-chain effects are important whenever the coupling constant associated with particle production becomes large.
For the models discussed here the standard perturbation expansion of the S-matrix diverges.
In fact each S-matrix element has a branch point at zero value of the coupling constant. This divergence is of a general nature and is probably present in many field theories. 7 Nevertheless it is possible to develop a convergent series expansion for the S-matrix whose form guarantees that unitary is satisfied.
In Section III we consider a specific form for W, which is based on the multiperipheral model, but which is simple enough so that every S-matrix element can be written down in closed form. It has two parameters, the coupling constant of the produced mesons and the position of the fixed pole which is exchanged along the multiperipheral chain. The most striking features of this model can be seen by studying the elastic scattering amplitude. This amplitude-has contributions from ladder graphs shown.in Figure 3a . As in the multiperipheral model, the leading singularity in the angular momentum plane arising from these graphs is a pole. However, the elastic amplitude also has terms arising from checkerboard diagrams of the form shown in Figure 3b .
If one sums over all checkerboard graphs with N vertical lines, the leading l-plane singularity is again a pole. In addition, after summing over all N one obtains a square-root branch cut in the B-plane. It should be emphasized that this singularity is of a completely different origin than the familiar . Mandelstam cut. It arises only after a sum over an infinite number of exchanges.
This cut has its origins in the divergence of the sum of the perturbation expansion mentioned above.
For small values of the coupling constant associated with particle production the cut is far to the left of the Q-plane, and the leading singularity is the pole arising from the ladder graphs. As the coupling constant is increased the dynamical poles move to the right; however, the branch point moves even faster and overtakes them. As each pole collides with the branch point, it moves through it onto an unphysical sheet. For large enough values of the coupling constant all of the d-plane poles are to the right of one; however, no pole reaches one before passing on to the unphysical sheet so there is no violation of the Froissart bound. For most values of the parameters in the model the branch point never reaches one. After colliding with the last pole it turns around and retreats towards minus infinity if the coupling constant is increased indefinitely.
Nevertheless, for a very restricted range of values for the coupling constant, the leading singularity reaches the point Q = 1. In this -case the Froissart bound is saturated. This. occurs only if the input pole is itself above 1.
In Section IV we test the generality of the cut mechanism by considering a model in which Wn is essentially the amplitude of the multiperipheral model.
In this case the S-matrix elements cannot be written down in closed form.
However, after introducing O-functions into Wn which guarantee that the subenergies along each chain are large, it is possible to write down an integral equation that sums the checkerboard graphs with N vertical lines. It is then
shown that the square root branch cut found in the previous model is also present here and that all singularities in the Q-plane to the right of one are on an unphysical sheet. It appears that these properties are far more general than the simple models that we have studied explicitly.
For the models discussed in Sections III and IV it is possible to write down cross sections for particle production in both inclusive and exclusive experiments. These results are also given in Sections III and IV.
In Section V we conclude by briefly summarizing our results.
II. CONSTRUCTION OF THE S-MATRIX
In the present work we shall discuss models with two types of particles.
Those whose momenta are labelled by pa and pb will be referred to as nucleons although we shall neglect spin and internal quantum numbers. All of the states of interest will contain two nucleons which will be treated as non-identical particles. The S-matrix will be taken to be unity when acting on states with other than two nucleons. The second type of particle, whose momenta are labelled by qi, will be referred to as pions. The pions can be created and destroyed, and we shall consider states with arbitrary numbers of them. The pions will be treated as identical particles. We take the beam direction to be along the z axis, and write a general four vector q in terms of the transverse momentum, CJ, which is a two-dimensional vector in the x-y plane; and the longitudinal rapidity, -y, defined by
Let us start by considering the amplitude, Wn, for the production of n pions from a single chain. This amplitude is shown in Figure 2 . A complete set of variables for describing Wn is Y f Qn(s/m2) and zi,Yi i = 1,2,... n.
(1)
Here m is the nucleon mass and s the square of the center of mass energy.
At high energies Y is the difference of rapidities of the incident nucleons.
From rotational invariance Wn can only depend on the scalar products of A and theji, so there are just the required 3n+ 2 independent variables.
By crossing symmetry Wn also describes chains in which some or all of the pions are incoming. It is convenient to introduce a single operator which handles all possible processes described by Wn. To this end we introduce creation and annihilation operators for the pions. In our normalization the commutation relations are given by
[a(wW+(qW)] = 2(2n)3s2(q-q')s(y-y') .
-,.d
Recalling that under crossing q --q and y -c y, we can write the required N operator, Zn, in the form n dpadpbdp;dp;, xi i=l (6) what is being said in Eq. (6) is that all of the chains exchanged between the nucleons are uncorrelated except for the constraints imposed by energymomentum conservation. This is certainly the simplest ansatz that one can make. It is suggested by the relativistic eikonal model*; however, in this case there is no requirement of straight line propagation for the nucleons.
Eq. (6) provides a convenient definition of the S-matrix when the model is exactly solvable or when the matrix elements of the power series in Z con-
verge. An example is the model of production amplitudes discussed in I.
However, in the models to be discussed below the matrix elements of ZN grow like exp(c ? ), so the defining series for S diverges rather badly. In such cases it is necessary to use an alternative construction procedure. We first introduce the auxiliary operator &z) defined by
a, s=+ s L dxewX S(zeBdX) , -co where d is a parameter chosen so that the sum in Eq. (7) and the integral in Eq. (8) converge. Whenever it is permissible to interchange the order of integration and summation Eqs. (7) and (8) The right hand side of Eq. (10) has a power series expansion in Z that converges magnificently.
One easily sees that the coefficient of Z N vanishes identically for N > 1 and that S+S = SSf = 1. We realize that certain orders of integration have been freely interchanged, but there is no doubt that this new construction procedure is more general than the standard expansion.
Once the Wn are specified the S-matrix is completely determined by Eqs. (4), (5), (7) and (8). The model is clearly broad enough to allow us to investigate a wide range of production and absorption mechanisms. The major problem is to extract the predictions of the model for a particular choice of Wn.
For the remainder of this paper we shall be concerned with a particularly simple class of Wn which is suggested by the relativistic eikonal model. As was mentioned above, the only correlations between the chains are those imposed by energy momentum conservation. These can be greatly simplified by introducing theta functions into the Wn which restrict the range of the pion rapidities. Energy-momentum conservation requires that in the center of mass iyp &Y-t& (11) where C is a constant which depends on mass ratios. We now introduce the further requirement that the Wn vanish unless
where E is an arbitrarily small positive number. At very high energies the It is convenient to introduce the variables and (13) and write the two nucleon state of definite total and relative transverse momentum as I p,, p y,, yb > . Eq. (4) 
Clearly the S-matrix is diagonal in B,.
At this stage the only function of the two nucleon projection operator is to give rise to the energy-momentum conservation delta function. We factor this delta function out of the problem, and then introduce the reduced
Operators Z(Y, B) and S(Y,IJ) can be obtained from Zn(Y,_B) in direct analogy N with Eqs. (5), (7) and (8). It is also useful to introduce a scattering amplitude operator defined by
Clearly these operators act in the Hilbert space spanned by the pion states.
The only reference to the nucleon states that remains is in the diagonal variables Y and B. This reduction of the Hilbert space can only take place exactly in eikonal models. It should be emphasized that although the restrictions of Eq. (12) provide a simplification, they are by no means necessary for the construction of unitary models.
A SOLVABLE MODEL
In order to illustrate our ideas we now construct a solvable model.
Although this model is highly simplified, its solution contains most of the qualitative features of the more sophisticated model discussed in Section IV.
In defining Wn we follow the spirit of the multiperipheral model to the extent that we order the rapidities along the chain. We take the exchange mechanism between adjacent particles on the chain to be that of a fixed pole.
Working in the center of mass we write
where y. = -Y~+~= 3 Y. The crucial simplification which allows us to solve the model in closed form is the neglect of all correlations involving the transv&se momenta of the pions. Of course this cannot be justified experimentally.
However, we shall be primarily interested in the energy dependence of this model. Since the transverse momenta are limited, a fact which we build into the function g(q), it is hoped that their correlations do not play too strong a role in determining the dependence of the amplitudes on the total energy. 8
From rotational invariance g(q) must be a function of q". Then making use of the symmetry of Wn as a function of the pion momenta, we find
It is convenient to introduce the annihilation operator In addition to the poles there is a fixed square root branch point at
The associated cut runs along the negative real axis from -03 to ac.
It is clear from Eq. (29) that the only poles on the physical sheet are those for which 'c!(N) -aC) is positive. These are the poles for which
where ?? is the value of N which produces a minimum of o!(N) as a function of N.
Let us imagine increasing X from zero to infinity for a fixed value of a5 1. For small values of h the branch point is far to the left in the Q-plane.
As h is increased all of the dynamical poles move to the right, but the branch point moves to the right even faster. The left-most pole on the physical sheet collides with the branch point whenever h is such that n is an integer since
After colliding with the branch point the poles moves off onto the unphysical sheets as h is increased further. At A = 2 (1 -01)) the branch point circles around the pole at a(l) = a! and then starts to retreat down the negative real axis. For h > 2(1-o), the branch point is the only singularity of M22 on the (33) physical sheet. Notice that for large values of h all of the dynamical poles are to the right of Q = 1; however, any pole that reaches Q = 1 is on the unphysical sheet.
For a(2) 1 (yc, that is h < 3 2 (1 -a), the pole from the ladder graphs controls the high energy behavior of the total cross section and a,(s) -
However for ac > a(2), or h > 3 2 (l-a), one has
ii? On the other hand, it is possible to choose the parameter d so that the series for S22 is well defined: We conclude this section by briefly considering production processes.
The inclusive cross section for the production of a single pion by two incident nucleons is 
where C is a constant. In Section II we mentioned that the type of model presently being considered is internally consistent only if 5 grows less rapidly 1E thans2 . Since E must lie between zero and one, h is restricted to 1 (4-3 ~9 + (7-6a)" I , a5
1.
The equality holds for E = 1 at which point ho is infinite. Thus, although the effective coupling constant, h , is limited in range, the '*real,'* coupling constant h o can take on any value between zero and infinity.
For o! > 1 and h < 2(c~l) the total cross section is given by Eq. (40) and the multiplicity by
Clearly we must require that a! 5 5/4 and h 5 5/2-2 Q. Finally, for (Y > 1 and A? 2(a-l), n is again given by Eq. (46). The restriction of Eq. (47) still holds with the further requirement that c~ 5 9/8.
The restructions on h and a! are rather artificial. They arise only because we have insisted on simplifying the model by dropping the pion variables from the energy and longitudinal momentum conservation delta functions, as discussed in Section II.
The exclusive cross section for the production of n pions is given by n 1 yp) = F .I d2B r[ dqi1<~i,yi;...~n,ynIS10>12. i=l
The production amplitude can be written in the form n < NqlJl) ' * e-n7 n q y ISIO. = r-l i = 1 gtqi)AntY, B) 3 Since these are the same graphs that are considered in the multiperipheral model, the poisson distribution is hardly surprising.
For those values of Q! and h for which the square root branch point dominates the total cross section the situation is more complicated. 
follows directly from Eq. (51).
IV. A MULTI-PERIPHERAL MODEL
In this section we shall discuss a form for Wn which is based on the multiperipheral or multiregge model. Ideally one would like to take Wn to be the ordinary multi-peripheral amplitude and define the S-matrix via Eqs. (4), (7) and (8). This program is technically difficult, but not impossible. We hope to return to it at a later time. For the present we shall consider a slightly simplified form for Wn which correctly reproduces the multi-peripheral amplitude for large values of the sub-energies. This is an interesting region since it is the large sub-energy tails that lead to difficulty with the Froissart bound in the ordinary multi-peripheral model and saturate that bound in improved treatments. 3 Our main aim here is to show how these terms can add up to give a small, energy decreasing contribution to the total cross section in the present model. We shall see that the cut mechanism discussed in section III operates here also.
We again impose the restriction on the pion rapidities given in Eq. (12).
This has the effect of guaranteeing that the first and last sub-energies along each chain are large. It is convenient to introduce the variables (see figure 2) i-l n+l 
The analogy with the Lippman-Schwinger equations becomes exact if we take the input trajectories to be linear: n a!(kJ = cl! -ck!l_k'. (70) -28-The "free Hamiltoniant' is then (71) and the quantity E2 = -Q+2(a! -1) plays the role of energy. Notice that as long as the functions p(k) and g(k_, k,' ) have no zeroes, the potential is purely attractive.
As a result, for strong enough coupling there will always be bound states, i.e. , Regge poles.
As is well known, the integral equation for the ladder graphs simplifies considerably if the vertex function, g, is taken to be a constant. In this case the potential is separable and we have is not completely determined can be written as a sum of terms, each of which does have a definite rapidity ordering. If we consider each of these terms to be a distinct diagram, then there is a one to one correspondence between our diagrams and those of non-relativistic potential scattering. The rapidity variables play a role analogous to that of the time variable in ordinary quantum mechanics.
Proceeding as in the case of the ladder graphs, we introduce a free Green's function for the propagation of N Reggeons ,
The N-Reggeon potential is written as
. ( 
with EN = -Q + N(a! -1).
The two-Reggeon potentials V.. 1J are well behaved at the origin and at infinity.
We therefore expect that in the ground state of the N-Reggeon system, the kinetic energy will increase like N and the potential energy will decrease like 
The results of the appendix show that c is a positive number and that 
where the superscript c means that S22 is computed by including only connected diagrams, From Eqs. (7) and (8) Consider the problem of including non-leading contributions to Z,(Y) 6).
The series for S22 will certainly converge with d =(cY)'.
Furthermore, in the integral over x from minus infinity to x o, one can again interchange the order of integration and summation. The only change is to include lower order poles and branch points in the Q-plane. The real problem is to study the integral from x0 -37-to infinity; this is difficult to do explicitly, but it is hard to see how the basic structure of the amplitude could be altered.
The exclusive and inclusive single particle production cross The only requirements that we have made on p and g so far is that they have no zeroes and that they are well enough behaved so that all the integrals converge. We now impose the further requirement that there exists a finite L such that L 2 L(kJ for all 5. This is a very mild restriction. 
